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NOMENCLATURE

a, thickness of first medium;

Ay, eigenfunction normalization constants;

b, thickness of second medium ;

B,, Fourier coefficients of g(z);

¢, (¢, x), solute concentration in first medium;

¢4(2), average solute concentration in first medium;

Cy0s initial (constant) solute concentration in first
medium;

¢,(t, x), solute concentration in second medium;

C,(t), average solute concentration in second medium;

C(t,n), dimensionless solute concentration;

C,(tr), average dimensionless solute concentration in
second medium;

Cun), associated eigenfunctions;

Dy, diffusivity of first medium;

D,, diffusivity of second medium;

fla), function measuring approach to equilibrium;
g(n), general dimensionless initial concentration;
G(n), adjoint function to Cy(n);

k, index ;

m, concentration ratio at x = 0;

M, dimensionless concentration ratio at = 0;
t, time;

X, distance.

Greek symbols

a, dimensionless thickness of second medium;
n, dimensionless distance;
Abs eigenvalues;
T, dimensionless time.
FORMULATION

THE TRANSIENT response of two slabs of finite thickness in
contact at a plane interface and initially containing non-
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equilibrium amounts of a transferrable solute is of some
practical importance. Such a situation may occur in the
analysis of porous media in oil fields and in the approach
to equilibrium of a solute distributing between two im-
miscible liquid layers.

For the problem considered here, movement of the solute
occurs by molecular diffusion in the two regions, which, in
general, have different diffusion coefficients. The slabs are
of finite thickness in the direction perpendicular to the
interface but are of infinite extent laterally. No transfer
occurs across the outer boundaries of the slabs. The con-
centrations on the two sides of the interface are related by a
constant of proportionality m. The fluxes at the interface
are the same in both slabs. The quantity of interest is the
ratio of the average concentrations in the two media as a
function of time. This ratio approaches m as time ap-
proaches infinity.

The diffusion equations for the two media are

7 o2
oz 1—021, for—a<x<0, t>0,
ot ox
and
dcy d%c,
—~=D,—=, for 0<x<b t>0
ot 2 ax?
The outer boundary conditions are
dc,

dc,

—(t, —a) = —(t,b) = 0,
0x (& —a) 0x (t.5)
and the interface conditions are

me,(t,07) = ¢,(1.0%)
and

a dc

D, Z1,07) = D, Z2(1,0).

dx dx
The solution is given here for the general initial condition
specifying ¢,(0,x) and c¢,(0, x), but attention is focused

explicitly on the case of special interest,
¢ {0, x) = cy0, for x

— (1
¢,5(0,x) = 0, for 0

0,
b

<
x <

AR

A material balance on the solute in the two regions yields

_ b_
&yft) = ¢y — ;Cz(t),
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where ¢,(t} and ¢,(r) are the average concentrations in
regions 1 and 2, respectively, and ¢, is defined by

0
- [{ (0, x) dx +ch(0,x)dx}

The approach to equilibrium is measured by the ratio

/¢ &y/m
="+ = =2
m b_
€10 ™ =€
a

The differential equations and the associated boundary
conditions can be written in dimenlionless form by letting

Dz

7 = x
—a, 0 b,
b o
C /€y —a € X< 0
cy/me,, 0 < x<b
b /D,
* =iV, @
2
and
b
The resulting equations are
ac 82C —-1<n<0 0
ey > T>
R O<n<o '
ocC éC
—\h -1)=— 3 = 01
on {r, = 1) o (o)
C(1,07) = C(1,0"),
and
oC M oC
~2(1,07) = — — (1, 0%
e (r,07) 2 o (r,07).
The initial condition, equation (1), becomes
LL-1g€y<0
CO,7) = { ) @
0, 0<y<a

and the quantity fis

— G, 5
J() = ToMEy (5)
where
1 a
Cilo = S JC(t, ) dy. {6)
0

2A
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The manner in which f(r) approaches unity as t ap-
proaches oo depends upon the parameters « and M. A
useful series solution can be obtained directly either by the
associated eigenfunction technique or by the Laplace trans-
form method. With the former, general initial conditions
can be accommodated more easily, and this scheme is out-
lined below.

The solution can be applied to the analogous heat con-
duction situation by replacing D,/D, in equation (2) by the
ratio of the thermal diffusivities and m in (3) by the inverse
ratio of the volumetric heat capacities. In this case, fis the
ratio of the average temperatures in the two regions and C is
the temperature.

ASSOCIATED EIGENFUNCTION TECHNIQUE

Following Lanczos [1], one considers the associated
eigenvalue problem for Cyin).

d3C
e S+ MG =0 for—1<yp<00<n<aq,
n
with
dC M dC,
C07) = C(0*), —f(o ) = ——5(0%),
a dn
and
dC dcC
4‘(—1)——-5( ) =0
dg

Its solution is

—sin A, sin Ay + cos A cos A, —1 < np <0

Cily) =

o
- Esin Aesindn + cosdcos 0K <

with the eigenvalues given by

M
tanlkz—;tanaik, k=0,12.... (7)

Only the nonnegative eigenvalues need be considered; let
them be ordered so that 4, = 0 < 4, < 4, <

The eigenfunctions {C{m)} do not form an orthogonal
set over {— 1, &) for this problem, but they are biorthogonal
with the {discontinuous) functions

Cim) for -1 <5 <0,
Cdm=<um
—;Ck(?ﬂ for 0<y<a;
that is,
. =0 ifk#]
§ Cm Gfn)dn ,

-1 #£0 ifk=j

A1 + M2, fork =0

ifd, = 2
* [2/(1-{-%5&121,‘

H

3
+Mcoszlk)] , fork=1,2,3,...,



612
then the eigenfunctions are normalized so that

J CdmGdmydn = 1.
=1
For the general initial condition C{0, n) = g{n), the solu-
tion to the problem in terms of the normalized eigenfunc-
tions is
Clr,n) = ¥ BCym)exp (= 47),
k=@

where the B, are the Fourier coefficients of

o) = 3 BCon,

Bo= | g0 Guman

For the specific initial condition, equation (4), these are

Ag» for k=0,

B, =<4

* “keind,  for k=123, ...
Ay

The quantity C,(r) in equation (6) is given by

-

= C
Gy = Y B*exm—)-;fr)j ’f,mdn

k=0

)
1 A B,
- —Xgin A, exp (—A21);
1M E,M'Ak vexp (= 4)
k=1

for the initial condition, equation (4), this becomes

i = 2 exp (— 12
Ml,f( k)

o
= csc?iy, + — csc ol
M
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The limiting form of the series solution as « — co agrees
with the solution given by Lovering for n = 0[2].

DISCUSSION

Even for moderate values of iit the series, equation (8),
converges extremely rapidly, and only the first term or two
need be calculated. The required eigenvalues can be found
numerically by solving equation (7) by an iterative technique,
such as Newton’s method, taking care to use the appropriate
branches of tan /. Tables have been prepared giving the
first ten positive solutions of equation (7) to four places for
several values of @ and M in the range 0-00t1 < o« < 10 and
0001 < M < 1000 [3]. These tables can also be used to
directly obtain the roots for 10 < « < 1000.

Figures 1 and 2 depict f(1), equation (5), using C,(1) as
calculated from equation (8), with the series truncated at
k = 40. This number of terms is required to give plotting
accuracy for extremely small values of f(z) and 2jt. Away
from the neighborhood of the origin, however. far fewer
terms are required. Figure | shows the variation of f(1)
with M when « = 1. If & = 1, equation (8) becomes simply

k2ﬁ2
e (] o

2f1()
L+ filo + M[1 ~ fi{n)

where f,(z} denotes f{(r) when a = M = 1. Thus, ifa =1,
one can obtain f(1) directly from f,{z) for values of M not
explicitly shown in Fig. 1. Equation (9) agrees with the
solution given by Carslaw and Jaeger for o = M = 1 [4].
Figure 2 shows the variation of f(r) with « when M = 1.

so that

Sy =

-0

flr)os

M=1000

T
F1G. 1. f(z) vs. T for a = | and several values of M.
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a=Q
a=0-25
a=075
a=0-50
az=1
a=2
F(x) ostr a=3 =
a=4 —]
a=5
a=10
! 1
o0 | 2 3
T

F1G. 2. f(z) vs. T for M = 1 and several values of a.

If M =1 then C,(1) for & = o, and C,(1) for & = 1/ug are  (x, less than 0-1) is approximately given by
related by

l
S (t;ﬁ ~ flag; 0).
4

_ | _
C, (r; ;‘> = Cyodt; o)
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